The evolution of the parameters including those in the soft supersymmetry-breaking (SSB) sector is studied in the minimal supersymmetric standard model (MSSM) with a certain set of Kaluza-Klein towers which has been recently considered by Dienes et al. We use the continuous Wilson renormalizaion group technique to derive the matching condition between the effective, renormalizable and original, unrenormalizable theories. We investigate whether the assumption on a large compactification radius in the model is consistent with the gauge coupling unification, the b−τ unification and the radiative breaking of the electroweak gauge symmetry with the universal SSB terms. We calculate the superpartner spectrum under the assumption of the universal SSB parameters to find differences between the model and the MSSM.
Introduction
Recently, motivated by the works of refs. [1, 2] in which the strong coupling limit of heterotic superstrings has been considered, there have been renewed interests to consider Kaluza-Klein theories with a large compactification radius [3] - [32] . In an extreme case, the radius could be in the range of submillimeter, whereas the Kaluza-Klein excitations with masses < ∼ 10
TeV will become observable in future collider experiments [4] - [10] . These scenarios could be even embedded into various superstring models with an anisotropic compactification [3] - [25] , especially into models based on Type I superstring which should describe the strong coupling limit of the SO(32) heterotic superstring [2] .
It is clear that the qualitative nature of the traditional unification scenario changes [16, 26, 27] if the fields of the standard model (SM) or of the minimal supersymmetric standard model (MSSM) feel the existence of extra dimensions whose scale is significantly smaller than the ordinary GUT scale M GUT ∼ 10 15−16 GeV. We would like to emphasize that, strictly speaking, the unification in those scenarios takes place not in 4 rather in D = 4 + δ dimensions in which the original theory is formulated. On one hand, quantities near and above M GUT , including M GUT itself, are D = 4 + δ dimensional quantities. At energies much below the compactification scale, on the other hand, all the massive Kaluza-Klein states decouple so that we have a four dimensional effective theory. Therefore, there must be a certain matching condition between the four dimensional effective and D = 4+δ dimensional theories. Clearly, the four dimensional theory does not know anything about the matching condition, but they can be derived from the original D = 4 + δ dimensional theory. In fact, in the treatment of Dienes et al. [16] on the massive Kaluza-Klein excitations, one needs an outside information about the infrared and ultraviolet cut off to define a finite, four dimensional, low-energy effective theory. As we will see in sect. 2, we will derive the matching condition, in contrast to ref. [16] , from the requirement that the evolution equations of couplings in the effective theory smoothly go over in the large compactificationradius limit to what one finds in uncompactified, original, D = 4 + δ dimensional theory.
Specifically, we will employ the continuous Wilson renormalization group (RG) approach [33] which can be formulated in any space-time dimensions. Of various existing formulations [34, 35] of the continuous Wilson RG in literature, we will follow the formulation of ref. [34] .
It turns out that the small discrepancy in the matching condition compared with that of ref.
[ 16] has no significant effect in the application to the model of ref. [16] which we also will consider in this paper.
Given the matching condition, we will be staying in four dimensions to extend the method of ref. [16] so as to include the soft supersymmetry-breaking (SSB) sector. To this end, we will make use of the recent progress on the renormalization properties of SSB parameters [36] - [39] . It has been shown that the ultraviolet divergences of the SSB parameters are simply related to those of the corresponding supersymmetric parameters [36] so that the β-functions of the SSB parameters can be easily obtained by applying certain differential operators on the anomalous dimensions and the gauge coupling β-function of the supersymmetric theory [38, 39] . This method works only for four dimensional theories when using a mass-independent renormalization scheme such as the dimensional reduction scheme [36, 38, 39] . So it is not obvious that the method can be applied straightforwardly to softly broken supersymmetric theories with Kaluza-Klein towers, because one defines the theory by cut off. Fortunately, the (ultraviolet) divergent parts in one-loop order are independent of renormalization scheme and have a simple structure so that the massive Kaluza-Klein excitations do not disturb the above mentioned relations among the divergent parts of the SSB parameters and those of the supersymmetric parameters. In the second-half of sect 2, we will consider the model of ref. [16] , the MSSM with a certain set of Kaluza-Klein towers, and calculate the one-loop β-functions for the SSB parameters above the compactification scale µ 0 = R −1 .
Given the β-functions, we can discuss various aspects of the model in a more concrete fashion, which will be the subject of sect. 3. We first consider the gauge coupling unification and find that the smaller the µ 0 is, the larger is the predicted value of the QCD coupling
, in accord with the result of ref. [27] . We however need more detailed information on a possible theory above µ 0 to control the corrections such as the threshold effect at M GUT in order to give a more precise prediction of α 3 (M Z ). Here we will consider the possibility that the level of U(1) Y can be different from the usual SU(5)-motivated value 5/3.
We will calculate the mass of the bottom quark under the assumption of the b − τ Yukawa coupling unification for the given top quark mass. Our analysis points out that the b − τ unification can be consistent with a large compactification radius. In the final part of sect. 3, we investigate RG effects on the SSB parameters, where we assume that they are universal at the GUT scale. In particular, we study the possibility of achieving the radiative electroweak symmetry breaking, the nature of the lightest superparticle (LSP), and the constraint coming from the negative (mass) 2 of the stau. As we will conclude in sect.
4, the basic low-energy ( < ∼ O(1) TeV) feature of the MSSM remains unchanged even if µ 0 is as small as ∼ O(10) TeV, but there exist a certain chance in the superpartner spectrum to experimentally discriminate the model from the MSSM.
2 β-functions in extra dimensions
Large radius limit and matching condition
Suppose that we would like to study low-energy physics of a Kaluza-Klein theory which is defined in D = 4 + δ dimensions with extra δ dimensions compactified. The theory is not renormalizable, and presumably trivial, but it can be well defined by introducing an ultraviolet cut off Λ 0 . The natural framework to study the low-energy physics is provided by the continuous Wilson renormalization group (RG) [33] , which can be realized in terms of an integro-differential equation [34, 35] . Here we would like to follow the formulation of ref. [34] . Since we expect that, in the limit that the radius of the compactified dimensions approaches infinity, the result goes over to what one finds in the uncompactified case, we briefly sketch below the treatment of ref. [34] in the case of a scalar theory in uncompactified
The basic idea to the non-perturbative RG approach [34] 1 is to divide the field φ(p) in the momentum space into low and high energy modes,
and integrate out the high energy modes in the path integral to define the effective theory:
where S eff is the Wilson effective action. It turns out that the difference
for an infinitesimal δΛ becomes a Gaussian path integral which can be in fact carried out.
That is, it is possible to calculate Λ(∂S eff /∂Λ) to write down a formal expression for the RG flow equation of the effective theory in the form
where O is a non-linear operator acting on the functional S eff . The explicit expression for O was first obtained by Wegner and Houghton [34] , but in practice, the RG equation (4) cannot be solved exactly. There are various approaches to find approximate solutions to the Wegner-Houghton (W-H) equation, and one of the successful ones is the so-called local potential approximation [41] - [43] , which we would like to adopt here. In this approximation, one makes an ansatz for the solution to the W-H equation (4) in the form
and finds that the W-H equation (4) reduces to a partial differential equation for the potential
where we have defined:
and all the quantities are made dimensionless by multiplying them with an appropriate power of Λ. If we furthermore assume that the potential V is a power series in ρ, i.e.,
we find [43] 
. . .
where we have defined the dimensionful couplings λ n as
The set of the evolution equations above systematically includes the effects of higher dimension operators, and should be approximately valid for Λ >> 1/R if some of the spatial dimensions are compactified. In deriving the set of evolution equations (9)- (12), we have neglected the effect of the compactification, but it is clear from the discussion above that we could in principle introduce this effect into the non-perturbative RG framework. We leave this program to future work.
Recently, Dienes et al. [16] have suggested a method to study low-energy physics of a Kaluza-Klein theory, and their method is formulated within a framework of D = 4 dimensional, renormalizable theory. Next we would like to see whether their result in the R → ∞ limit goes over to what one finds in the non-perturbative RG approach. To this end, we assume that we can neglect λ 1 , λ 3 , . . . in the evolution of λ 2 -the scalar quartic coupling.
Then eq. (11) can be written as
Now assuming that δ = D − 4 dimensions are compactified on a circle of a fixed radius R, we find from eq. (15) that the evolution equation of the dimensionless quartic coupling λ = (2πR) δ λ 2 of the four dimensional theory becomes
where X δ (the volume of a δ dimensional sphere of radius one) has been introduced in ref.
[16]. We will compare this result with the one which we obtain by using the method of ref.
[16]. As we will see, they differ from each other. To clarify the origin of the discrepancy, we first would like to follow the method of ref. [16] for the present scalar theory, and derive the evolution equation of λ. We will then give an argument why two results are different and motivate how to obtain the agreement.
As in ref. [16] we assume that δ = D − 4 dimensions are compactified on a circle of a fixed radius R, where x and y stand for the 4 and δ dimensional coordinates, respectively.
The scalar field satisfying the periodic boundary condition
can be expanded as
where n = (n 1 , n 2 , . . . , n δ ) with n i ∈ Z, and n · y = δ i=1 n i y i . The starting Lagrangian is
To define the four dimensional theory, we rescale the field and the coupling λ as
The (four dimensional) mass squared of the Kaluza-Klein modes φ n (x) is given by
where m 0 is the mass of the zero mode φ 0 , which we would like to neglect as has been done in ref. [16] . For energies above µ 0 = R −1 , the Kaluza-Klein excitations are observable, and we may expect that in the R → ∞ limit the theory behaves as a full 4 + δ dimensional theory.
Following ref. [16] , we compute the one-loop correction Π (4) D to the four point vertex function with zero external momenta to obtain the one-loop correction to the coupling λ.
We find
where ϑ 3 is one of the Jacobi theta functions
and we have used
Note that the t integral is ultraviolet as well as infrared divergent (Dim[t] = −2). Dienes et al. [16] introduced an ultraviolet and infrared cut off to define the t integral:
where X δ is defined in (16) , and µ 0 = 1/R. We emphasize that the factor r cannot be obtained within the framework of the four dimensional theory, and so the explicit expression given in (26) comes from an outside information, to which we will come later. Assuming that t/R 2 << 1 so that ϑ(it/πR 2 ) may be approximated as R π/t, we perform the t integration to obtain
Then we compute the β-function for λ:
Comparing this result with the evolution equation (16), we now see that they differ by a
This difference may be understood in the following way. In the treatment of ref. [16] , one has to define the infrared and ultraviolet cut off, i.e., the factor r appearing in the t integral in (26) . They fix r by interpreting that the correction to the β-function (coming from the massive excitations) is proportional to the number of Kaluza-Klein excitations with masses smaller than Λ. This number is approximately proportional to the volume of δ dimensional sphere of radius ΛR, that is, X δ (Λ/µ 0 ) δ . This interpretation does not lead to a β-function that in the large R limit approaches the corresponding β-function of the full D dimensional theory as we have seen above. In the full theory, we have a D dimensional integral in the momentum space in the form
where A D (the D dimensional angular integral) is defined in (7) 2 , whereas the interpretation of Dienes et al. [16] would correspond to the expression
Assuming that the function K(x) has the form K(x) = x 2N where N is some arbitrary number, we find that the difference of the two integrals above is exactly the factor (1 + δ/2), the same factor that appears between the β-functions (16) and (28) . This means that if one would multiply r defined in (26) with the factor (1 + δ/2) 2/δ , one would get β-functions that in the large radius limit go over to those obtained in the non-perturbative RG approach. So we would like to suggest to rescale the cut off factor r in the t integration (26) as
or equivalently to replace X δ according to
where X δ is defined in eq. (16).
Extension to the soft supersymmetry-breaking sector
We now discuss the running of the SSB parameters. To this end, we follow the notation of ref.
[38] and consider first a generic N = 1 supersymmetric gauge theory with the superpotential
and with the SSB part L SSB given by [36] 
where η = θ 2 ,η =θ 2 are the external spurion superfields and θ,θ are the usual Grassmann parameters, and M is the gaugino mass. The β-functions of the M, h and m 2 parameters can be computed from [38, 39] :
where (γ 1 )
The formulae for the β-functions of the SSB parameters (35)- (38) have been derived from the observation that in a class of renormalization schemes the divergent parts of the SSB parameters are simply related to those in the symmetric theory, Y ijk and µ ij . It is, however, not exactly known in which class of renormalization schemes these formulae have their validity. In fact, the quantity X ∼ O(g 3 ) in eq. (38) is explicitly computed only in two-loop order [44] and depends on the renormalization scheme employed 3 .
Since however we are interested only in the one-loop approximation to the β-functions, the problem mentioned above is irrelevant because the divergent parts in one-loop order are independent of renormalization scheme. Moreover, as we can see from the calculation of the contribution coming from the massive Kaluza-Klein excitations to the β-functions, these excitations do not disturb the relations among the divergent parts of the SSB parameters 3 There exists an indirect method (which is based on a RG invariance argument) to fix the exact form of X [45, 46] To be more specific we consider the model of ref. [16] , the MSSM with a certain KaluzaKlein towers. As ref. [16] we assume that only the gauge boson and Higgs supermultiplets of the MSSM have the towers of Kaluza-Klein states and that the lepton and quark supermultiplets are stuck at a fixed point of an orbifold on which the δ dimensional internal space is compactified so that they have no towers of Kaluza-Klein states. Under these assumptions, the one-loop β-functions of the gauge couplings and the one-loop anomalous dimensions above and below µ 0 become [16] :
where g t,b,τ are the Yukawa couplings for the top, bottom and tau, respectively, we have neglected the Yukawa couplings of the first and second generations. (Y δ is defined in (32).)
Here we have used the fact [16] that in the model of [16] , the contributions of the excited Kaluza-Klein states to the anomalous dimensions of the matter supermultiplets have the same form as the massless mode contribution, and that those of the Higgs supermultiplets due to N = 2 supersymmetry in the excited sector vanish.
The one-loop β-functions for the Yukawa couplings can be computed from
and we find that for energies above µ 0
The gaugino mass β-functions are:
where we have used eq. (35) . One of the consequences of (35) is that in one-loop order the relation
holds above as well as below µ 0 . The β-functions of the trilinear couplings above µ 0 are:
+g τ [6g 
where Y δ is defined in (32).
Predictions from unification
In the previous section we have derived the matching condition and extended the method of ref. [16] to include the SSB sector. In this section we would like to apply this result to a model which has been considered in ref. [16] . This model is nothing but the MSSM with the Kaluza-Klein towers which are present only in the gauge supermultiplets and Higgs supermultiplets 4 , and we have given the one-loop RG functions of this model in the previous section. We however will restrict ourselves to the case with δ = 1, because the main feature of our results will not drastically change for δ > 1. To simplify the situation, we assume through out our analyses a uniform SUSY threshold M S and that M S = 1 TeV. Unless we notice explicitly, we study the evolution of the dimensionless parameters such as gauge couplings below µ 0 = R −1 at the two-loop level, along with the experimental values,
where
Here M τ and M t are the physical tau and top quark masses, where we take M t = 174.1 GeV in our analyses 5 . (See ref. [49] for more details of the method of our analyses.) The evolution of all the parameters above µ 0 = R −1 as well as the evolution of the SSB parameters for the whole range of the energy scale will be studied at the one-loop level.
In the following discussions we change our notation for the GUT scale: M GUT → M X while we use M Y for M GUT when considering the level of U(1) Y as free.
Gauge coupling unification
We begin by considering the unification of the gauge couplings of the model. Fig. 1 shows a representative example of the running of the gauge couplings α a = g 4 The proton is stable in this model [16] . which has been observed also in ref. [27] . Comparing this with the experimental value [48] 
we see that a lower µ 0 might have a problem with the experimental observation. Of course, the threshold effects at M X will be very important to give more precise values for α 3 (M Z ).
But these effects cannot be estimated unless we fix a model above M X , which is outside of the scope of the present paper. GUT it is no longer a free parameter. As we can see from Fig. 7 , the predicted value for small tan β increases as µ 0 decreases, while it is relatively stable against the change of µ 0 in most of the region for tan β = 50. For example, we have the predicted bottom mass m b (M Z ) = 3.4 GeV for µ 0 = 10 11 GeV and tan β = 50. The present experimental value of the bottom mass contains large uncertainties: Ref.
[51], for instance, gives
while the analysis of the Υ system [52] and the lattice result [53] give m b (m b ) = 4.13 ± 0.06
GeV and 4.15 ± 0.20 GeV, respectively, 6 which translate into
It is known that the bottom mass can receive a sizable SUSY correction in the large tan β scenario [55] . For tan β = 50 it could amount to O(20 − 30)% [56] and its sign depends on the sign of µ H . That is, large-radius compactifications prefer large tan β. Of course, this SUSY correction depends on the details of the SUSY-mass spectrum, and so we leave the discussion on it to future work.
6 See also ref. [54] .
SSB sector and radiative breaking of SU (2) × U (1)
Here we use our result on the β-functions on the SSB parameters in the previous and calculate the evolution of the SSB parameters. For simplicity, we consider the universal SSB parameters at M X , i.e. the universal gaugino masses M a (M X ) = M 0 , the universal soft scalar masses m i (M X ) = m 0 and the universal A-parameters
of that, we assume that the relation
is satisfied at the unification scale M X , which is motivated in the framework of certain superstring theories as well as in the RG invariance consideration [57] - [60] . way that all the gauge couplings fit the experimental values at M Z , we would find a change
for µ 0 = 10 TeV, for instance, where M 2 (M Z ) remains unchanged. So, the net difference compared with the case of the MSSM, is
for a fixed value of contribute to the evolution of the squark masses of the first two generations. In fact, the µ 0 -dependence of the gaugino masses shown in Fig. 8 is reflected in that as µ 0 decreases, the squarks become much heavier than the sleptons, as we can see in Fig.9 . Similarly, we can calculate the sfermion masses of the third family. These masses will be shown later after the discussion of radiative electroweak symmetry breaking. Now we come to discuss the radiative electroweak symmetry breaking. We fix the values of µ H and B by using the two minimization conditions of the Higgs potential at the weak scale,
where m 
As we have noticed at the end of the previous section, the β-functions for µ H , B , m We have found that the stau (mass) 2 becomes easily negative in the large tan β scenario.
Similarly, the stau mass becomes easily smaller than the lightest neutralino mass, in particular in the large tan β scenario. In such a case the LSP is the stau which is electrically charged and should have been observed if the R parity is not violated 7 . Therefore, it is important to compare the masses of the lightest neutralino and the stau. 2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2  2 to handle the problems associated with large-radius compactifications. As an application we have derived the matching condition between the effective, renormalizable and original, non-renormalizable theories from the requirement that the β-functions calculated in the effective theory go over in the large-compactification-radius limit to those calculated using the non-perturbative RG technique with the assumption that the space-time dimensions are not compactified. We have not followed up this powerful RG technique further, but we would like to mention that the presence of higher-dimension operators, for instance, can be easily taken into account in this method.
Given the matching condition, we have decided to stay in the renormalizable dimension, as Dienes et al. [16] , because if we ignore (provably higher order) effects such as those coming from higher-dimension operators, their method is simple and convenient to calculate the contributions of the massive Kaluza-Klein states to the RG evolution of couplings. Furthermore, as long as we want to stay in the one-loop approximation, we can simply extend the treatment, due to the recent development on renormalization of the SSB parameters [36] - [39] , to include the SSB sector: We have computed the one-loop β-functions of the SSB parameters in the MSSM which is extrapolated to D = 4 + δ dimensions under the assumption that the Kaluza-Klein towers exist only in the gauge supermultiplets and Higgs supermultiplets [16] .
We have addressed ourselves to various phenomenological issues in the model. We first have confirmed the observation of Ghilencea and Ross that the value of α 3 (M Z ) predicted from the gauge coupling unification increases as µ 0 decreases, and could easily exceed the experimental value 0.119 ± 0.002 if no other corrections such as the threshold corrections at M GUT are taken into account. In contrast to this, the b − τ unification can be obtained in a relatively wide range of µ 0 for a large tan β, and we have found that large-radius compactifications prefer large tan β. Another finding is that the relation among the ratios M i /g 2 i (58) holds in one-loop order in the model so that if one takes account the level of U(1) Y appropriately, the model with small µ 0 differs from the conventional MSSM in this sector of the SSB parameters. We have also found that the µ 0 -dependence of the sfermion masses, especially those of the squarks, is quite large.
From our analyses in this paper, we would like to conclude that there exist a certain chance to experimentally discriminate the model from the MSSM even if the massive Kaluza-
